
Adaptive Generate-Rank-Verify: 

Inference-Time Search with Costly Verification
Mahdi Haghifam

TTIC

Shaddin Dughmi
(University of Southern California) 

Yusuf Hakan Kalaycı
(University of Southern California)



2

Inference-Time Algorithm in LLMs



2

Inference-Time Algorithm in LLMs



2

Inference-Time Algorithm in LLMs



2

Inference-Time Algorithm in LLMs



2

Inference-Time Algorithm in LLMs

Using one or more pre-trained models as a subroutine
to solve an instance better during inference-time (or test-time)



2

Inference-Time Algorithm in LLMs

Using one or more pre-trained models as a subroutine
to solve an instance better during inference-time (or test-time)

The landscape of the algorithm design is vast

best-of-N [Stiennon et al. '20, Nakano et al. '22], chain of thought [Wei et al. '22], self-consistency [Wang et al. '23], 
Tree of Thoughts [Yao et al. '23], outcome verifiers [Cobbe et al. '21], process reward models [Lightman et al. '24, Wang et al. '24], 

generative verifiers [Zhang et al. '25], execution-based selection [Li et al. '22, Chen et al. '23], test-time compute scaling [Snell et al. '25], …
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Generate-Rank-Verify Paradigm

Generate N samples, Rank by reward model, and Verify top k
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Adaptivity in Inference-Time Search

Meta Question of This Talk:
Can we decide the budget online, per prompt, from an 

uncalibrated reward model and still pay near-oracle cost?

Fixed budgets fail both ways
Overspend on the easy prompts, or run out on the hard ones. 

Predicting difficulty offline is not enough
It assumes a stable prompt distribution. 

[Damani et al.‘24, Snell et al.’25]
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Generate 500 responses 
and verify almost all of them
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If 𝑉 = 1, the policy stops and outputs 𝑌.

The cost of 𝒜 is given by
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𝑐𝑟𝑒𝑤+𝑐𝑣𝑒𝑟 𝑞𝑡

𝑠𝑡

The benchmark knows the best threshold; ADAP does not.

Main Observation
Suppose I tell you a good threshold t. Then generating on the order of 1/ 𝑠𝑡 ​ responses and verifying on 

the order of 𝑞𝑡 ​/ 𝑠𝑡 ​ top-ranked responses finds a verified response with a constant probability.

𝑞𝑡 ≈ 2−𝑎 and 𝑠𝑡 ≈ 2−𝑏 then the threshold corresponds to the generation budget 𝑚 ≈ 2𝑎 and 𝑘 ≈ 2𝑏−𝑎.
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prompt 𝑥 ∈ 𝒳

𝑌 ∼ 𝜋(⋅ |𝑥), 𝑅 = RM x, Y and 𝑉 = Ver x, Y
𝑅 ∼ 𝒟

reward–verifier relationship ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟)

Theorem [Dughmi–Haghifam–Kalayci '25]

Assume ℎ ∈ ℋnon−dec. Then for every feasible prompt, every generator, and every induced (ℎ, 𝒟),

𝔼 𝐽 𝒜𝐴𝐷𝐴𝑃; ℎ, 𝒟 ≤ 173 𝐽⋆(ℎ, 𝒟)
ADAP knows neither ℎ nor 𝒟, and uses the reward model only to rank.
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ADAP gets reliability at much lower cost
Dataset: LiveCodeBench

crew ​=1, 𝑐ver = 10

• Uniform: The blue curve represents the best possible fixed-budget strategy. 
For every cost budget, we search over all fixed pairs of generation and verification counts and report the pair that 
solves the most problems. So this is actually a strong baseline: it is the upper envelope of all fixed policies.

• SampleAware (SAP): For each prompt, we allocate the best (𝑁𝑟𝑒𝑤, 𝑁𝑣𝑒𝑟) to minimize the budget. 
No realizable policy can reproduce it. It is a per-trial floor, not a competitor.



How much structure does active search need?

11



How much structure does active search need?
The proposed algorithm requires ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟) be approximately non-decreasing.

11



How much structure does active search need?
The proposed algorithm requires ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟) be approximately non-decreasing.

Can we compete with a distribution-aware benchmark without any structural assumption?

11



How much structure does active search need?
The proposed algorithm requires ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟) be approximately non-decreasing.

Can we compete with a distribution-aware benchmark without any structural assumption?

11

Example [inspired by Balcan-Hanneke-Vaughan’10 & Hanneke-Yang’15]

Let the distribution 𝒟 be uniform over 𝑥1, … , 𝑥𝑚 and ℋ = ℎ𝑖 𝑥𝑗 = 1[𝑖 = 𝑗]



How much structure does active search need?
The proposed algorithm requires ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟) be approximately non-decreasing.

Can we compete with a distribution-aware benchmark without any structural assumption?

11

𝑥1 𝑥2 𝑥𝑚𝑥𝑚−1…

Example [inspired by Balcan-Hanneke-Vaughan’10 & Hanneke-Yang’15]

Let the distribution 𝒟 be uniform over 𝑥1, … , 𝑥𝑚 and ℋ = ℎ𝑖 𝑥𝑗 = 1[𝑖 = 𝑗]



How much structure does active search need?
The proposed algorithm requires ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟) be approximately non-decreasing.

Can we compete with a distribution-aware benchmark without any structural assumption?

11

𝑥1 𝑥2 𝑥𝑚𝑥𝑚−1…

Example [inspired by Balcan-Hanneke-Vaughan’10 & Hanneke-Yang’15]

Let the distribution 𝒟 be uniform over 𝑥1, … , 𝑥𝑚 and ℋ = ℎ𝑖 𝑥𝑗 = 1[𝑖 = 𝑗]



How much structure does active search need?
The proposed algorithm requires ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟) be approximately non-decreasing.

Can we compete with a distribution-aware benchmark without any structural assumption?

11

𝑥1 𝑥2 𝑥𝑚𝑥𝑚−1…

Example [inspired by Balcan-Hanneke-Vaughan’10 & Hanneke-Yang’15]

Let the distribution 𝒟 be uniform over 𝑥1, … , 𝑥𝑚 and ℋ = ℎ𝑖 𝑥𝑗 = 1[𝑖 = 𝑗]

Cost of the distribution-aware benchmark
𝐽⋆ 𝒟, ℎ = 𝑂(𝑚𝑐𝑟𝑒𝑤 + 𝑐𝑣𝑒𝑟)

Wait until you get 𝑥 with ℎ 𝑥 = 1



How much structure does active search need?
The proposed algorithm requires ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟) be approximately non-decreasing.

Can we compete with a distribution-aware benchmark without any structural assumption?

11

𝑥1 𝑥2 𝑥𝑚𝑥𝑚−1…

Example [inspired by Balcan-Hanneke-Vaughan’10 & Hanneke-Yang’15]

Let the distribution 𝒟 be uniform over 𝑥1, … , 𝑥𝑚 and ℋ = ℎ𝑖 𝑥𝑗 = 1[𝑖 = 𝑗]

Cost of the distribution-aware benchmark
𝐽⋆ 𝒟, ℎ = 𝑂(𝑚𝑐𝑟𝑒𝑤 + 𝑐𝑣𝑒𝑟)

Every active search algorithm
𝐽 𝒜;𝒟, ℎ ≥ Ω(𝑚𝑐𝑣𝑒𝑟)

Wait until you get 𝑥 with ℎ 𝑥 = 1 Needs to verify every point



How much structure does active search need?
The proposed algorithm requires ℎ 𝑟 = Pr(𝑉 = 1|𝑅 = 𝑟) be approximately non-decreasing.

Can we compete with a distribution-aware benchmark without any structural assumption?

11

𝑥1 𝑥2 𝑥𝑚𝑥𝑚−1…

Example [inspired by Balcan-Hanneke-Vaughan’10 & Hanneke-Yang’15]

Let the distribution 𝒟 be uniform over 𝑥1, … , 𝑥𝑚 and ℋ = ℎ𝑖 𝑥𝑗 = 1[𝑖 = 𝑗]

Cost of the distribution-aware benchmark
𝐽⋆ 𝒟, ℎ = 𝑂(𝑚𝑐𝑟𝑒𝑤 + 𝑐𝑣𝑒𝑟)

Every active search algorithm
𝐽 𝒜;𝒟, ℎ ≥ Ω(𝑚𝑐𝑣𝑒𝑟)

Wait until you get 𝑥 with ℎ 𝑥 = 1 Needs to verify every point

For every active search algorithm
𝐽 𝒜;𝒟, ℎ

𝐽⋆ 𝒟, ℎ
= Ω(𝑐𝑣𝑒𝑟/𝑐𝑟𝑒𝑤)



12

Learning-Theoretic View of Active Search



12

Learning-Theoretic View of Active Search

Definition: Centered Star Number
Let 𝒵 be an arbitrary input space. Let ℋ ⊆ 0,1 𝒵 be a binary concept class over 𝒵. Then, define

𝑠0 ℋ = max {m ∈ ℕ: ∃𝑧1, … , 𝑧𝑚 ∈ 𝒵, ∃ℎ1, … , ℎ𝑚 ∈ ℋ s.t. ℎ𝑖 𝑧𝑗 = 1[𝑖 = 𝑗] }.



12

Learning-Theoretic View of Active Search

Theorem [Dughmi-Haghifam-Kalayci’25]
Fix an arbitrary concept class with centered star number 𝑠0 ℋ .  Then, we have

min
active search alg. 𝒜

max
𝒟,ℎ ∈Δ 𝒵 ×ℋ

𝐽 𝒜;𝒟, ℎ

𝐽⋆ 𝒟, ℎ
= Θ min 𝑠0 ℋ ,

𝑐𝑣𝑒𝑟

𝑐𝑟𝑒𝑤

Definition: Centered Star Number
Let 𝒵 be an arbitrary input space. Let ℋ ⊆ 0,1 𝒵 be a binary concept class over 𝒵. Then, define

𝑠0 ℋ = max {m ∈ ℕ: ∃𝑧1, … , 𝑧𝑚 ∈ 𝒵, ∃ℎ1, … , ℎ𝑚 ∈ ℋ s.t. ℎ𝑖 𝑧𝑗 = 1[𝑖 = 𝑗] }.



12

Learning-Theoretic View of Active Search

Theorem [Dughmi-Haghifam-Kalayci’25]
Fix an arbitrary concept class with centered star number 𝑠0 ℋ .  Then, we have

min
active search alg. 𝒜

max
𝒟,ℎ ∈Δ 𝒵 ×ℋ

𝐽 𝒜;𝒟, ℎ

𝐽⋆ 𝒟, ℎ
= Θ min 𝑠0 ℋ ,

𝑐𝑣𝑒𝑟

𝑐𝑟𝑒𝑤

Definition: Centered Star Number
Let 𝒵 be an arbitrary input space. Let ℋ ⊆ 0,1 𝒵 be a binary concept class over 𝒵. Then, define

𝑠0 ℋ = max {m ∈ ℕ: ∃𝑧1, … , 𝑧𝑚 ∈ 𝒵, ∃ℎ1, … , ℎ𝑚 ∈ ℋ s.t. ℎ𝑖 𝑧𝑗 = 1[𝑖 = 𝑗] }.

Requires using the structure of ℋ



12

Learning-Theoretic View of Active Search

Theorem [Dughmi-Haghifam-Kalayci’25]
Fix an arbitrary concept class with centered star number 𝑠0 ℋ .  Then, we have

min
active search alg. 𝒜

max
𝒟,ℎ ∈Δ 𝒵 ×ℋ

𝐽 𝒜;𝒟, ℎ

𝐽⋆ 𝒟, ℎ
= Θ min 𝑠0 ℋ ,

𝑐𝑣𝑒𝑟

𝑐𝑟𝑒𝑤

Definition: Centered Star Number
Let 𝒵 be an arbitrary input space. Let ℋ ⊆ 0,1 𝒵 be a binary concept class over 𝒵. Then, define

𝑠0 ℋ = max {m ∈ ℕ: ∃𝑧1, … , 𝑧𝑚 ∈ 𝒵, ∃ℎ1, … , ℎ𝑚 ∈ ℋ s.t. ℎ𝑖 𝑧𝑗 = 1[𝑖 = 𝑗] }.

Verify everything sequentially Requires using the structure of ℋ



12

Learning-Theoretic View of Active Search

Theorem [Dughmi-Haghifam-Kalayci’25]
Fix an arbitrary concept class with centered star number 𝑠0 ℋ .  Then, we have

min
active search alg. 𝒜

max
𝒟,ℎ ∈Δ 𝒵 ×ℋ

𝐽 𝒜;𝒟, ℎ

𝐽⋆ 𝒟, ℎ
= Θ min 𝑠0 ℋ ,

𝑐𝑣𝑒𝑟

𝑐𝑟𝑒𝑤

Definition: Centered Star Number
Let 𝒵 be an arbitrary input space. Let ℋ ⊆ 0,1 𝒵 be a binary concept class over 𝒵. Then, define

𝑠0 ℋ = max {m ∈ ℕ: ∃𝑧1, … , 𝑧𝑚 ∈ 𝒵, ∃ℎ1, … , ℎ𝑚 ∈ ℋ s.t. ℎ𝑖 𝑧𝑗 = 1[𝑖 = 𝑗] }.

Few Remarks:A
1- Active search is easier than active learning even per instance given the mass of label 1 is not too small.
[Balcan-Hanneke-Vaughan’10 & Hanneke-Yang’15 & Balcan-Beygelzimer-Langford’06]

2- Does this characterization inspire how to select or train reward models for math/coding tasks?

3- 1-centered star number appears in [Hanneke’24].

Verify everything sequentially Requires using the structure of ℋ
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Lemma [Dughmi-Haghifam-Kalayci’25]
The size of the hitting set is at most 𝑠0 ℋ

Proof: 

If 𝑍𝑖 is in the hitting set if there exists ℎ ∈ ℋs.t. ℎ 𝑍𝑖 = 1 and ∀𝑗 ≠ 𝑖 ℎ 𝑍𝑗 = 0

Hitting set forms a set we care about in the definition of centered star number.



Takeaways and Future Directions

• The model: active search. Generate–rank–verify becomes a search problem: cheap noisy scores, one 
expensive exact check, find a correct answer for as little as possible.

• The algorithm: ADAP. Adapts to each prompt as it goes. Ranks with the reward model and uses 
nothing else. Stays within a constant factor of an oracle that knows the instance.

• The limit: centered star number. You cannot assume nothing about the reward model. We give a 
complete characterization: the adaptivity gap is min 𝔰0(ℋ) 𝑐𝑣𝑒𝑟/𝑐𝑟𝑒𝑤 , 

14

arXiv LinkGitHub Repository


	Default Section
	Slide 1
	Slide 2: Inference-Time Algorithm in LLMs
	Slide 3: Inference-Time Algorithm in LLMs
	Slide 4: Inference-Time Algorithm in LLMs
	Slide 5: Inference-Time Algorithm in LLMs
	Slide 6: Inference-Time Algorithm in LLMs
	Slide 7: Inference-Time Algorithm in LLMs
	Slide 8: Generate-Rank-Verify Paradigm
	Slide 9: Generate-Rank-Verify Paradigm
	Slide 10: Generate-Rank-Verify Paradigm
	Slide 11: Generate-Rank-Verify Paradigm
	Slide 12: Generate-Rank-Verify Paradigm
	Slide 13: Adaptivity in Inference-Time Search
	Slide 14: Adaptivity in Inference-Time Search
	Slide 15: Adaptivity in Inference-Time Search
	Slide 16: Adaptivity in Inference-Time Search
	Slide 17: Adaptivity in Inference-Time Search
	Slide 18: Adaptivity in Inference-Time Search
	Slide 19: Adaptivity in Inference-Time Search
	Slide 20:  Problem Formalization: Active Search
	Slide 21:  Problem Formalization: Active Search
	Slide 22:  Problem Formalization: Active Search
	Slide 23:  Problem Formalization: Active Search
	Slide 24:  Problem Formalization: Active Search
	Slide 25:  Problem Formalization: Active Search
	Slide 26:  Problem Formalization: Active Search
	Slide 27:  Problem Formalization: Active Search
	Slide 28:  Problem Formalization: Active Search
	Slide 29:  Problem Formalization: Active Search
	Slide 30:  Problem Formalization: Active Search
	Slide 31:  Problem Formalization: Active Search
	Slide 32:  Problem Formalization: Active Search
	Slide 33:  Problem Formalization: Adaptive Active Search
	Slide 34:  Problem Formalization: Adaptive Active Search
	Slide 35:  Problem Formalization: Adaptive Active Search
	Slide 36:  Problem Formalization: Adaptive Active Search
	Slide 37:  Problem Formalization: Adaptive Active Search
	Slide 38: Our Proposed Algorithm: ADAP
	Slide 39: Our Proposed Algorithm: ADAP
	Slide 40: Our Proposed Algorithm: ADAP
	Slide 41: Our Proposed Algorithm: ADAP
	Slide 42: Our Proposed Algorithm: ADAP
	Slide 43: Our Proposed Algorithm: ADAP
	Slide 44: Performance Guarantee of ADAP
	Slide 45: Performance Guarantee of ADAP
	Slide 46: Performance Guarantee of ADAP
	Slide 47: ADAP gets reliability at much lower cost
	Slide 48: How much structure does active search need?
	Slide 49: How much structure does active search need?
	Slide 50: How much structure does active search need?
	Slide 51: How much structure does active search need?
	Slide 52: How much structure does active search need?
	Slide 53: How much structure does active search need?
	Slide 54: How much structure does active search need?
	Slide 55: How much structure does active search need?
	Slide 56: How much structure does active search need?
	Slide 57: Learning-Theoretic View of Active Search
	Slide 58: Learning-Theoretic View of Active Search
	Slide 59: Learning-Theoretic View of Active Search
	Slide 60: Learning-Theoretic View of Active Search
	Slide 61: Learning-Theoretic View of Active Search
	Slide 62: Learning-Theoretic View of Active Search
	Slide 63: Learning-Theoretic View of Active Search
	Slide 64: Learning-Theoretic View of Active Search
	Slide 65: Learning-Theoretic View of Active Search
	Slide 66: Learning-Theoretic View of Active Search
	Slide 67: Learning-Theoretic View of Active Search
	Slide 68: Learning-Theoretic View of Active Search
	Slide 69: Learning-Theoretic View of Active Search
	Slide 70: Takeaways and Future Directions



  𝜋 ( ⋅ | x ) : 𝒳 → Δ ( 𝒴 )


  RM : 𝒳 × 𝒴 → ℝ


  𝜋 ( ⋅ | x ) : 𝒳 → Δ ( 𝒴 )


  RM : 𝒳 × 𝒴 → ℝ


  𝜋 ( ⋅ | x ) : 𝒳 → Δ ( 𝒴 )


  Ver : 𝒳 × 𝒴 →  {  0 , 1 }


  RM : 𝒳 × 𝒴 → ℝ


  𝜋 ( ⋅ | x ) : 𝒳 → Δ ( 𝒴 )


  𝒟


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver ( x , Y )


  R


  𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  V = B e r n ( h  ( R ) )


  Ver : 𝒳 × 𝒴 →  {  0 , 1 }


  RM : 𝒳 × 𝒴 → ℝ


  𝜋 ( ⋅ | x ) : 𝒳 → Δ ( 𝒴 )


  𝒟


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver ( x , Y )


  R


  𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  V = B e r n ( h  ( R ) )


  Ver : 𝒳 × 𝒴 →  {  0 , 1 }


  𝒜


  x


  𝒜


  Y ∼ 𝜋 ( ⋅ | x ) ,


  R = RM ( x , Y )


  ( Y ,   R )


   c  r e w


  ( Y ,   R )


  V ∼ B e r n ( h  ( R ) )


   c  v e r


  V = 1


  Y


  𝒜    


  J  (  𝒜 ; 𝒟 , h ) =  N  r e w  c  r e w +  N  v e r  c  v e r


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  𝒜


  x


  𝒜


  Y ∼ 𝜋 ( ⋅ | x ) ,


  R = RM ( x , Y )


  ( Y ,   R )


   c  r e w


  ( Y ,   R )


  V ∼ B e r n ( h  ( R ) )


   c  v e r


  V = 1


  Y


  𝒜    


  J  (  𝒜 ; 𝒟 , h ) =  N  r e w  c  r e w +  N  v e r  c  v e r


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  𝒜


  x


  𝒜


  Y ∼ 𝜋 ( ⋅ | x ) ,


  R = RM ( x , Y )


  ( Y ,   R )


   c  r e w


  ( Y ,   R )


  V ∼ B e r n ( h  ( R ) )


   c  v e r


  V = 1


  Y


  𝒜    


  J  (  𝒜 ; 𝒟 , h ) =  N  r e w  c  r e w +  N  v e r  c  v e r


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  𝒜


  x


  𝒜


  Y ∼ 𝜋 ( ⋅ | x ) ,


  R = RM ( x , Y )


  ( Y ,   R )


   c  r e w


  ( Y ,   R )


  V ∼ B e r n ( h  ( R ) )


   c  v e r


  V = 1


  Y


  𝒜    


  J  (  𝒜 ; 𝒟 , h ) =  N  r e w  c  r e w +  N  v e r  c  v e r


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  𝒜


  x


  𝒜


  Y ∼ 𝜋 ( ⋅ | x ) ,


  R = RM ( x , Y )


  ( Y ,   R )


   c  r e w


  ( Y ,   R )


  V ∼ B e r n ( h  ( R ) )


   c  v e r


  V = 1


  Y


  𝒜    


  J  (  𝒜 ; 𝒟 , h ) =  N  r e w  c  r e w +  N  v e r  c  v e r


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  𝒜


  x


  𝒜


  Y ∼ 𝜋 ( ⋅ | x ) ,


  R = RM ( x , Y )


  ( Y ,   R )


   c  r e w


  ( Y ,   R )


  V ∼ B e r n ( h  ( R ) )


   c  v e r


  V = 1


  Y


  𝒜    


  J  (  𝒜 ; 𝒟 , h ) =  N  r e w  c  r e w +  N  v e r  c  v e r


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  𝒜


  x


  𝒜


  Y ∼ 𝜋 ( ⋅ | x ) ,


  R = RM ( x , Y )


  ( Y ,   R )


   c  r e w


  ( Y ,   R )


  V ∼ B e r n ( h  ( R ) )


   c  v e r


  V = 1


  Y


  𝒜    


  J  (  𝒜 ; 𝒟 , h ) =  N  r e w  c  r e w +  N  v e r  c  v e r


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   J ⋆ ( 𝒟 , h )


   (  𝒟 , h )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   J ⋆ ( 𝒟 , h )


   (  𝒟 , h )


  h


  h ∈ ℋ


  ℋ


  𝒜 ,


  ℋ


  h ,


  h ∈ ℋ  


  𝒟


  𝔼  [  J ( 𝒜 ; 𝒟 , h ) ] ≤ C ⋅  J ⋆ ( 𝒟 , h )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   J ⋆ ( 𝒟 , h )


   (  𝒟 , h )


  h


  h ∈ ℋ


   J ⋆ ( 𝒟 , h )


  𝒜


  𝒜


  ℋ


  𝒜 ,


  ℋ


  h ,


  h ∈ ℋ  


  𝒟


  𝔼  [  J ( 𝒜 ; 𝒟 , h ) ] ≤ C ⋅  J ⋆ ( 𝒟 , h )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   J ⋆ ( 𝒟 , h )


   (  𝒟 , h )


  h


  h ∈ ℋ


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   ℋ  n o n − d e c )


   (  1 − 𝜂 ) g  ( r ) < h  ( r ) <  (  1 + 𝜂 ) g ( r ) )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   ℋ  n o n − d e c )


   (  1 − 𝜂 ) g  ( r ) < h  ( r ) <  (  1 + 𝜂 ) g ( r ) )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   ℋ  n o n − d e c )


   (  1 − 𝜂 ) g  ( r ) < h  ( r ) <  (  1 + 𝜂 ) g ( r ) )


   q t ​ =   Pr ⁡   (  R ≥ t )  


   s t =   Pr ⁡   (  R ≥ t , V = 1 ) how often we succeed


   c  r e w


   c  v e r


   q t


   s t


   J t =    c  r e w +  c  v e r    q t   s t


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   ℋ  n o n − d e c )


   (  1 − 𝜂 ) g  ( r ) < h  ( r ) <  (  1 + 𝜂 ) g ( r ) )


   q t ​ =   Pr ⁡   (  R ≥ t )  


   s t =   Pr ⁡   (  R ≥ t , V = 1 ) how often we succeed


   c  r e w


   c  v e r


   q t


   s t


   J t =    c  r e w +  c  v e r    q t   s t


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


   ℋ  n o n − d e c )


   (  1 − 𝜂 ) g  ( r ) < h  ( r ) <  (  1 + 𝜂 ) g ( r ) )


   q t ​ =   Pr ⁡   (  R ≥ t )  


   s t =   Pr ⁡   (  R ≥ t , V = 1 ) how often we succeed


   c  r e w


   c  v e r


   q t


   s t


   J t =    c  r e w +  c  v e r    q t   s t


   s t  


   q t ​


   s t  


   q t ≈  2  − a


   s t ≈  2  − b


  m ≈  2 a


  k ≈  2  b − a


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  x ∈ 𝒳


  Y ∼ 𝜋 ( ⋅ | x )


  R = RM  (  x , Y )


  V = Ver  (  x , Y )


  R ∼ 𝒟


  h  ( r ) =   Pr ⁡  ( V = 1 | R = r )


  h ∈  ℋ  non − dec


  ( h , 𝒟 )


  𝔼  [  J  (   𝒜  A D A P ; h , 𝒟   ) ]    ≤    173    J ⋆ ( h , 𝒟 )


  h  


  𝒟


   c  ver = 10


   N  r e w ,  N  v e r


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


  𝒟


   {   x 1 , … ,  x m }


  ℋ =  {   h i  (   x j ) = 1 [ i = j ] }


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


   x 1


   x 2


   x m


   x  m − 1


  𝒟


   {   x 1 , … ,  x m }


  ℋ =  {   h i  (   x j ) = 1 [ i = j ] }


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


   x 1


   x 2


   x m


   x  m − 1


  𝒟


   {   x 1 , … ,  x m }


  ℋ =  {   h i  (   x j ) = 1 [ i = j ] }


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


   x 1


   x 2


   x m


   x  m − 1


  𝒟


   {   x 1 , … ,  x m }


  ℋ =  {   h i  (   x j ) = 1 [ i = j ] }


   J ⋆  (  𝒟 , h ) = O ( m  c  r e w +  c  v e r )


  x


  h  ( x ) = 1


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


   x 1


   x 2


   x m


   x  m − 1


  𝒟


   {   x 1 , … ,  x m }


  ℋ =  {   h i  (   x j ) = 1 [ i = j ] }


   J ⋆  (  𝒟 , h ) = O ( m  c  r e w +  c  v e r )


  J  (  𝒜 ; 𝒟 , h ) ≥ Ω ( m  c  v e r )


  x


  h  ( x ) = 1


  h  ( r ) = Pr ⁡ ( V = 1 | R = r )


   x 1


   x 2


   x m


   x  m − 1


  𝒟


   {   x 1 , … ,  x m }


  ℋ =  {   h i  (   x j ) = 1 [ i = j ] }


   J ⋆  (  𝒟 , h ) = O ( m  c  r e w +  c  v e r )


  J  (  𝒜 ; 𝒟 , h ) ≥ Ω ( m  c  v e r )


  x


  h  ( x ) = 1


    J  (  𝒜 ; 𝒟 , h )   J ⋆  (  𝒟 , h ) = Ω (  c  v e r /  c  r e w )


  𝒵


  ℋ ⊆    {  0 , 1 } 𝒵


  𝒵


   s 0  ( ℋ ) = max {m  ∈ ℕ : ∃  z 1 , … ,  z m ∈ 𝒵 ,   ∃  h 1 , … ,  h m ∈ ℋ   s.t.    h i  (   z j ) = 1 [ i = j ]  }


   s 0  ( ℋ )


      min  active   search   alg .     𝒜 ⁡        max   (  𝒟 , h ) ∈ Δ  ( 𝒵 ) × ℋ ⁡    J  (  𝒜 ; 𝒟 , h )   J ⋆  (  𝒟 , h ) = Θ  (    min ⁡   {   s 0  ( ℋ ) ,    c  v e r   c  r e w } )


  𝒵


  ℋ ⊆    {  0 , 1 } 𝒵


  𝒵


   s 0  ( ℋ ) = max {m  ∈ ℕ : ∃  z 1 , … ,  z m ∈ 𝒵 ,   ∃  h 1 , … ,  h m ∈ ℋ   s.t.    h i  (   z j ) = 1 [ i = j ]  }


   s 0  ( ℋ )


      min  active   search   alg .     𝒜 ⁡        max   (  𝒟 , h ) ∈ Δ  ( 𝒵 ) × ℋ ⁡    J  (  𝒜 ; 𝒟 , h )   J ⋆  (  𝒟 , h ) = Θ  (    min ⁡   {   s 0  ( ℋ ) ,    c  v e r   c  r e w } )


  𝒵


  ℋ ⊆    {  0 , 1 } 𝒵


  𝒵


   s 0  ( ℋ ) = max {m  ∈ ℕ : ∃  z 1 , … ,  z m ∈ 𝒵 ,   ∃  h 1 , … ,  h m ∈ ℋ   s.t.    h i  (   z j ) = 1 [ i = j ]  }


  ℋ


   s 0  ( ℋ )


      min  active   search   alg .     𝒜 ⁡        max   (  𝒟 , h ) ∈ Δ  ( 𝒵 ) × ℋ ⁡    J  (  𝒜 ; 𝒟 , h )   J ⋆  (  𝒟 , h ) = Θ  (    min ⁡   {   s 0  ( ℋ ) ,    c  v e r   c  r e w } )


  𝒵


  ℋ ⊆    {  0 , 1 } 𝒵


  𝒵


   s 0  ( ℋ ) = max {m  ∈ ℕ : ∃  z 1 , … ,  z m ∈ 𝒵 ,   ∃  h 1 , … ,  h m ∈ ℋ   s.t.    h i  (   z j ) = 1 [ i = j ]  }


  ℋ


   s 0  ( ℋ )


      min  active   search   alg .     𝒜 ⁡        max   (  𝒟 , h ) ∈ Δ  ( 𝒵 ) × ℋ ⁡    J  (  𝒜 ; 𝒟 , h )   J ⋆  (  𝒟 , h ) = Θ  (    min ⁡   {   s 0  ( ℋ ) ,    c  v e r   c  r e w } )


  𝒵


  ℋ ⊆    {  0 , 1 } 𝒵


  𝒵


   s 0  ( ℋ ) = max {m  ∈ ℕ : ∃  z 1 , … ,  z m ∈ 𝒵 ,   ∃  h 1 , … ,  h m ∈ ℋ   s.t.    h i  (   z j ) = 1 [ i = j ]  }


  ℋ


  S =  (   Z 1 , … ,  Z n )


   Z i


   h ⋆  (   Z i ) = 1


  S =  (   Z 1 , … ,  Z n )


   Z i


   h ⋆  (   Z i ) = 1


  h ∈ ℋ


   A h  ( S ) = { i ∈  [ n ] : h  (   Z i ) = 1   }


   ∪  h ∈ ℋ  A h  ( S )


  S =  (   Z 1 , … ,  Z n )


   Z i


   h ⋆  (   Z i ) = 1


  h ∈ ℋ


   A h  ( S ) = { i ∈  [ n ] : h  (   Z i ) = 1   }


   ∪  h ∈ ℋ  A h  ( S )


  S =  (   Z 1 , … ,  Z n )


   Z i


   h ⋆  (   Z i ) = 1


  h ∈ ℋ


   A h  ( S ) = { i ∈  [ n ] : h  (   Z i ) = 1   }


   ∪  h ∈ ℋ  A h  ( S )


   s 0  ( ℋ )


  S =  (   Z 1 , … ,  Z n )


   Z i


   h ⋆  (   Z i ) = 1


  h ∈ ℋ


   A h  ( S ) = { i ∈  [ n ] : h  (   Z i ) = 1   }


   ∪  h ∈ ℋ  A h  ( S )


   s 0  ( ℋ )


   Z i  


  h ∈ ℋ


  h  (   Z i ) = 1


  ∀ j ≠ i   h  (   Z j ) = 0


  S =  (   Z 1 , … ,  Z n )


   Z i


   h ⋆  (   Z i ) = 1


  h ∈ ℋ


   A h  ( S ) = { i ∈  [ n ] : h  (   Z i ) = 1   }


   ∪  h ∈ ℋ  A h  ( S )


   s 0  ( ℋ )


   Z i  


  h ∈ ℋ


  h  (   Z i ) = 1


  ∀ j ≠ i   h  (   Z j ) = 0


  min ⁡  {   𝔰 0 ( ℋ ) ,   c  v e r /  c  r e w }

